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1 Instructions

Please complete all the exercises. There are three ‘questions’ scattered throughout the sheet.
Do not submit answers to these, but please bring oral solutions with you to this week’s
problem class.

2 Coactions

Group actions arise frequently in mathematics. The dual concept is that of a coaction, which
although less intuitive is equally as useful.

Definition 1 A (right) coaction of a co-H-space (A, c) on a space C is amapv : C — CVA
satisfying the following two conditions.

1. The diagram
C—CVA

\g}l (2.1)

commutes up to homotopy, where q; is the map pinching to the first summand.

Q



2. The diagram
C———=CVA
v l’idc\/c

vVida

CVA—=CVAVA

commutes up to homotopy.
0

In this sheet we will see that associated with any given map f :
coaction of XX on the mapping cone Cy. To set notation let

xLyseo Sax 2
be the homotopy cofibration sequence associated with f. Now let
v=v;: 0 = CrVEX
be the map induced on homotopy pushouts by the diagram

YfX *

(jf —x——2X.

where 1¢, 1x are the canonical homotopies.

(2.2)

X — Y there is a natural

(2.3)

(2.4)

Exercise 2.1 Write down a representative for the homotopy class (2.4) and verify that it is

a coaction of XX on Cy. O

Exercise 2.2 Show that each of the following three diagrams commutes up to homotopy.

1.
y —L ¢
I~
(jf 4‘54>'(7f VXX
2.
(j} 44l14>-(jf v aX
5i iévl
X —S>¥YXVYIX
3.
(7f 4‘114>'(7f VX
6l iQ2
X XX

(2.6)

(2.8)



where ¢ = cx is the suspension comultiplication. [J
The coaction vy is natural with respect to maps of cofiber sequences. A diagram

f

Y <— X ——x
o)z e l (2.9)
vl Xk

induces a map ¢ = 0 : Cy — Cp which makes
C;—=CrVvEX
ei \LG\/Ea (2.10)
Cp —>CpVEX'

homotopy commute. We can see this using the equations 0p; = qp F and Xapx = ¢Yxra,
which imply that up to homotopy both the following diagrams induce the same composite
map

Y < f—X——x Y<f—X—>x
| u ] s | |2 ]|
Cp— sk ——= 90X Y/ <p— X' x (2.11)
o] o | |
Cp<——%—2X' Cp<~—x——3X"

Now, given maps g : Cy — Z and o : X — Z we define g+a : Cy — Z as the composite

gVa

gra:C; L ovex X zvz Yoz, (2.12)

Homotopies ¢ ~ ¢ and o ~ o' induce a homotopy g+a ~ ¢'+a/, so the construction
descends to homotopy classes to give a well-defined operation

[Cy, Z) x [BA, Z) = [Cr. 2], (lgl:[e]) = [g]+e] = [g+al. (2.13)

Exercise 2.3 Show that if [g] € [C}, Z], then [g]+[*] = [g], and that if [o], [8] € [ZX, Z],
then

lgl+(la] + [8]) = ([g]+]a])+[8]. (2.14)
O

In the sequel we will study the operation and its interaction with the exact sequence

X, 21 v, 21 £ (04, 2) £ mx, 2) L sy, 7) (2.15)

Exercise 2.4 For g: Oy — Z and o : ©X — Z as above, show that ¢*[g+a] = ¢*[g]. If also
B: XX — Z is given, then show that 6*([a] + [3]) = (6*[a])+[38]. O



3 Extensions

Let f: X — Y be a map. Suppose that g : Y — Z is a map with g f null homotopic. Recall
that a choice of null homotopy F': gf =~ % gives rise to an extension

gF : Cf — 7 (31)
as the map defined on homotopy pushouts by

y <L
(3.2)

X — -
g g\&f ;;
A

N%%

£

We stated before that the homotopy class of 95 depends on the particular choice of the
homotopy F. How does varying the homotopy change the extension? Suppose given a
second null homotopy G : gf ~ *. We measure the difference between F' and G by means of
a map

IF,G): XX - Z (3.3)
which is defined by the diagram
* S X *
l Fod l (3.4)
= 9{ g '
=717

|

The homotopy class of §(F, () is called a difference element, or seperation element.

Exercise 3.1 Show that

0(F,G)=—6(G, F) (3.5)
and that
O(F, F) ~ . (3.6)
OJ
Exercise 3.2 Show that '
9o = 9pto(F,G). (3.7)

O
Exercise 3.3 Fix a space Z and consider the exact sequence of homotopy sets
e Y2 &0 2 EEX, 2] . (3.8)

Let k,1 € [Cy, Z] and show that ¢*k = ¢*[ if and only if there exists a € [¥X, Z] such that
[ =kta. O



4 The General Case

The general case follows without too much additional work. If we are given a homotopy
cofiber sequence

xLyz (4.1)

then we can find a homotopy F': gf =~ x inducing a homotopy equivalence g P Cy = Z.
Using this to identify Z with C'y we get a map

v=uvp:Z—=ZVEX (4.2)
as that induced on homotopy pushouts by the diagram
vyl X x

|z l o | (4.3)

[ <~—x—>2X.

The reader can check that v is a coaction with this definition and that each of the three

diagrams in Exercise homotopy commutes when C is replaced by Z. We leave the task

of writing down an explicit representative for v and verifying these claims to the reader.
As above, if u: Z — M and o : ¥X — M are maps we let u4a be the composition

uVao

uta: Z %5 XVEX Y My MY M. (4.4)

The following is then a direct consequence of Exercise [3.3]
Proposition 4.1 Consider the homotopy cofiber sequence (4.1)). If M is any space, then in
the exact sequence

X, M] &y, M) (2, M) & [BX M) S (4.5)
it holds for u,v € [Z, M|, that g*u = g*v if and only there ezists o € [LX, M| such that
v = uta. Moreover, if o, 8 € [LX, M], then §*(a + ) = (6*a)+p. [

Thus we see that the sense of exactness of (4.5) at [Z, M] is greatly improved, although it is
still not as strong as the algebraic exactness enjoyed by a sequence of groups.

5 Free Homotopy Classes and the Action of mY on
X, Y]

Recall that in Exercise Sheet 5 we constructed for a well-pointed space X, a strict cofiber

sequence of the form
SO X, — X. (5.1)

We used the fact that the first map has a right inverse to show that the connecting map
X — ¥S% =~ S' is null homotopic, and concluded that for any space Y, the following
sequence is exact in Set,

0+ mY « [X,Y]p «+ [X,Y] + 0. (5.2)

5



Of course this is not a particularly strong statement, since the exactness does not imply that
the right-hand map is injective. However we know now of more structure in this sequence.
Although the connecting map is null-homotopic, the sequence retains the action of
[S1,Y] = mY on [X,Y]. Applying Proposition we conclude the following.

Proposition 5.1 Assume that X is well-pointed and that Y is path-connected. Then every
unbased map X — Y 1is homotopic to a based map. If f,g : X — Y are based maps which
are homotopic as free maps, then there is a € mY such that g ~ f+a. |

Corollary 5.2 If X is well-pointed and Y is simply connected, then there is a one-to-one
correspondence between based and unbased homotopy classes of maps X — Y. In particular,
two based maps f,g: X — Y are pointed homotopic if and only if they are freely homotopic.

How do we understance the 7Y -action on [X,Y]|? Write j : S < X,. Then the
mapping cone

is the result of ‘growing a whisker’ over the basepoint. Note that the basepoint of X U I is
the far end of the whisker. The coaction

v:XUI— (XUl)vSst (5.4)

is the map which pinches the top half of the whisker into a circle. The canonical map
X, — X induces a map r : X Ul — X which collapses the whisker to a point. The map
r is a free homotopy equivalence, but since the obvious map in the other direction does
not respect basepoints, it is not true in general that r is a pointed homotopy equivalence.
Nevertheless, if X is well-pointed, then r is a pointed homotopy equivalence (cf. Cofiber
Homotopy Equivalences) and we get a coaction to which Proposition applies as the
composite

XS Xurs (xulvs ' xvs! (5.5)
where the first map is a (pointed) homotopy inverse of r.

Question How does this compare to Hatcher’s treatement in §4.A pg. 421 of Algebraic
Topology? Can you use the HEP to reconcile the two approaches? [J

Exercise 5.1 Assume that X is well-pointed and that (Y, m) is an H-space. Show that the
action of mY on [X,Y] is trivial. (J

Exercise 5.2 Assume that ¢ : X — X’ is a map between well-pointed spaces X, X’. Show
that if Y is any space, then the induced map ¢* : [X' Y] — [X,Y] is mY equivariant. If
0 :Y — Y’ is any map, compute how the induced map 6, : [X,Y] — [X,Y’] interacts with
the mY and m Y’ actions. O



6 Maps Between Projective Spaces

Here is another application for our improved knowledge about the structure of cofiber se-
quences. You will need information coming from Monday’s lecture to complete the exercise
in this section.

Exercise 6.1 Let m <n. Show that [CP™, CP"| = Z, and that these homotopy classes are
classified by their action on cohomology. [

Question: FEzercise (6.1) shows that there is an integer d(f) € Z associated to any self-map
f:CP" — CP™. Why is “degree” not satisfactory terminology for this integer? [

We invite the reader also to show that
[RP™ RP"| = Zy (6.1)

for m < n. However the reader will probably find that the answer may be different for
m=n.

Question: What do you need to know to compute [HP™ HP™ ? O
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